Abstract. We construct pseudotoric structures (à la Tyurin [25]) on the twostep flag variety F ℓ 1,n−1;n , and explain a general relation between pseudotoric structures and special Lagrangian torus fibrations which are important in the study of SYZ mirror symmetry. As an application, we speculate how our constructions can explain the number of terms in the superpotential of Rietsch's Landau-Ginzburg mirror [24, 17, 22, 23] .
Introduction
A pseudotoric structure on a Kähler manifold X of complex dimension n consists of a Hamiltonian T k -action on (X, ω X ), where ω X is the Kähler structure on X and 1 ≤ k ≤ n, together with a meromorphic map F : X Y from X to a smooth projective toric variety Y of complex dimension n − k satisfying certain compatibility conditions. This notion, due to Tyurin [25] , is a generalization of toric varieties and was motivated by Auroux's pioneering work [2, 3] on SYZ mirror symmetry.
In his original paper [25] , Tyurin explicitly constructed pseudotoric structures on a smooth quadric hypersurface Q in P n . In this note, we will do the same for the two-step flag variety F ℓ 1,n−1;n = {V 1 V n−1 C n | dim V 1 = 1, dim V n−1 = n − 1}, which is a degree (1, 1) hypersurface in P ∧ 1 C n × P ∧ n−1 C n ∼ = P n−1 × P n−1 ; see Theorem 2.9. Pseudotoric structures are closely related to SYZ mirror symmetry because, as will be proved in this note, when there is a meromorphic top form Ω X on X with no zeros and only simple poles along an anticanonical divisor D ⊂ X satisfying the condition
where f 1 , . . . , f n−k are torus invariant rational functions on Y whose norms define the toric moment map on Y , then
defines a special Lagrangian torus fibration on X \ D, and the SYZ construction may be applied to it to construct a mirror. We show that meromorphic top forms satisfying (1.1) can be found on both • smooth quadric hypersurfaces Q in P n (in Section 3.2), and • the two-step flag variety F ℓ 1,n−1;n (in Section 3.1), with suitable choices of anticanonical divisors D, giving rise to various special Lagrangian torus fibrations (see Theorems 3.5, 3.11 and 3.11). The simplest examples in these two classes are the Grassmannian Gr(2, 4) and the full flag variety F ℓ 3 respectively.
In [24] , Rietsch proposed a Lie-theoretic construction of a Landau-Ginzburg (abbrev. as LG) mirror W Rie for any flag variety X = G/P with the following properties:
• The number of terms in W Rie is less than that of Givental's mirror W Giv .
• The superpotential W Rie is defined on a space bigger than (C * ) dim X and has the correct number of critical points, while W Giv is defined on (C * ) dim X and may not have enough critical points (e.g. in the case of Gr(2, 4)). A natural question is:
How to understand Rietsch's mirror using SYZ? We first notice that for both the quadric Q and the two-step flag variety F ℓ 1,n−1;n , there are smooth families of integrable systems connecting the special Lagrangian torus fibration ρ : X \ D → B constructed above with the Gelfand-Cetlin fibration (restricted to the preimage of the interior of the Gelfand-Cetlin polytope). We expect that: W Rie is obtained from W Giv by "merging" some of the terms which geometrically corresponds to gluing of holomorphic disks and a coordinate change coming from the relevant wall-crossing formula.
Evidence for this claim for will be provided for both Q and F ℓ 1,n−1;n . In the discussion in Section 4, we speculate that, along the smooth family of integrable systems, facets of the Gelfand-Cetlin polytope are being "pushed into" the interior to become walls in the base B. Geometrically, this corresponds to deforming (or partially smoothing of) the anticanonical divisor D ⊂ X; and accordingly, terms in the superpotential W Giv are being merged together (as, conjecturally, holomorphic disks are being glued together) to give terms in the new superpotential. In the eventual superpotential, the number of terms (which should be less than that of W Giv ) coincides with that of W Rie . As an example, let us consider X = F ℓ 1,n−1;n . There are 2n terms in Givental's superpotential W Giv corresponding to the 2n facets in the Gelfand-Cetlin polytope (see e.g. [18] ), 4 of which have preimages which are not algebraic subvarieties in X.
When we move from the Gelfand-Cetlin system to our fibration along the smooth family of integrable systems, 2 of the facets are being "pushed in" to form a wall; accordingly, 4 terms in W Giv are merged to give 2 new terms. For the remaining 2n − 4 facets, 2n − 6 of them come in pairs and each pair is being "pushed in" to form a wall; accordingly, 2(n − 3) terms in W Giv are being merged in pairs to produce n − 3 new terms. So the eventual LG superpotential should have 2 + (n − 3) + 2 = n + 1 terms, which coincides with the number of terms in Rietsch's superpotential W Rie . Recently, the above speculations have been realized by the work of Hong, Kim and Lau [12] , at least for the case of Gr(2, 4) (and also for OG (1, 5) ). The idea is that, by deforming the Gelfand-Cetlin fibration to the special Lagrangian torus fibration ρ, 1 the non-torus fibers of the Gelfand-Cetlin fibration, which are known to be non-trivial objects in the Fukaya category [20] , are deformed to certain immersed Lagrangians.
In the case of Gr(2, n), it has already been shown by Nohara and Ueda [21] that potential functions of the Lagrangian torus fibers of different Gelfand-Cetlin-type fibrations (which correspond to triangulations of the regular n-gon) can be glued (via cluster transformations) to give an open dense subset of Marsh-Rietsch's mirror [17] . But this is still insufficient as the open dense subset misses some of the critical points of Marsh-Rietsch's mirrors.
What Hong, Kim and Lau showed in [12] was that deformations of the immersed Lagrangian above (a local model of which was given in [6] ) produces the final missing chart in Marsh-Rietsch's mirror of Gr (2, 4) . This completes the SYZ construction, namely, by applying SYZ (or family Floer theory) to regular as well as singular fibers of the special Lagrangian torus fibration ρ, one can recover Marsh-Rietsch's mirror. Similar constructions work for all the Grassmannians of 2-planes Gr(2, n) and the two-step flag varieties F ℓ 1,n−1;n [13] .
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Pseudotoric structures (after N. A. Tyurin)
Let X be a Kähler manifold of complex dimension n with Kähler structure ω X . Definition 2.1 (cf. Definition 1 in [25] ). A pseudotoric structure on X consists of the following data:
(1) a Hamiltonian T k -action on (X, ω X ), where k ≤ n, and (2) a meromorphic map F : X Y from X to a toric Kähler manifold Y of complex dimension n − k equipped with a toric Kähler structure ω Y , satisfying the following conditions:
k -invariant, and (iii) for any smooth function h on Y , we have the relation
where V F * h and V h are the Hamiltonian vector fields of the functions F * h and h on X \ B and Y with respect to ω X and ω Y respectively, f is a real function on X \ B, ∇ F is the symplectic connection induced by the symplectic fibration F , and ∇ F V h denotes the horizontal lift of the vector field X h to X \ B.
The complex dimension of Y is called the rank of the pseudotoric structure.
Remark 2.2. Our definition is slightly different from that of Tyurin [25, Definition 1] , which only assumes that X is a symplectic manifold.
be the moment map associated to the Hamiltonian T k -action on (X, ω X ).
Lemma 2.3. For i = 1, . . . , k and for any smooth function h on Y , we have
where {·, ·} denotes the Poisson bracket on X induced by ω X .
Proof. Since F : X \ B → Y is a T k -invariant symplectic fibration, V µi is tangent to the fibers of F for each i. On the other hand, for any vector field W lying in the vertical subbundle Ver := ker(dF :
The result follows.
be the moment map associated to the toric variety Y .
Lemma 2.4. For j, k ∈ {1, . . . , n − k}, we have
Proof. By the condition (2.1), we have
These lemmas prove the following Proposition 2.5. The functions
form a set of Poisson commuting algebraically independent functions over X \ B. Therefore the map
Pseudotoric structures are difficult to find in general. But in [25] , Tyurin gave a (rather restrictive) sufficient condition, which we reformulate as follows.
For any smooth function h on Y , the Hamiltonian vector fields V h and V F * h are respectively defined by
Applying the pullback F * to the former equation gives
as 1-forms on X. On the other hand, by the definition of the horizontal lift, we have dF (∇ F V h ) = V h and hence
So altogether we have
Hence, a sufficient condition to guarantee that condition (2.1) holds is the following:
Notice that both
annihilate the vertical subbundle Ver ⊂ T X, so they are determined by their values on the horizontal subbundle Hor. Example 2.7. Suppose that both X and Y are submanifolds of a complex projective space P N and their symplectic structures ω X and ω Y are restrictions of the FubiniStudy form ω FS on P N . Also suppose that the map F : X → Y is the restriction of a projection mapF :
Then, by a linear change of coordinates if necessary, we may assume that L is given by the common zero set of a subset of the coordinates. In this case, a straightforward computation
over the horizontal subbundle Hor (i.e., differ by a constant at every point x ∈ X), and so condition (2.1) holds.
Lemma 2.8. Condition (2.1) remains valid after restriction to a sub-fibration. More precisely, ifF : M → N is a symplectic fibration for which condition (2.1) holds, and if F : X → Y is a symplectic fibration such that X and Y are symplectic submanifolds of M and N respectively, and F is the restriction ofF to X, i.e., the following diagram commutes
Then condition (2.1) also holds for F : X → Y for any function on Y coming from the restriction of a function of N .
Proof. The result follows from the following two observations:
(1) For a symplectic submanifold ι X : X ֒→ M and a smooth function f : M → R, the Hamiltonian vector field V ι * X f of the restriction ι * X f is given by restricting the Hamiltonian vector field V f to X and projecting to the subbundle
, if the decomposition of T M into the direct sum of the vertical and horizontal subbundles with respect to the fibrationF : M → N is given by
then the corresponding decomposition of T X with respect to
is given by restricting the horizontal lift ∇F V h to X and projecting to the subbundle Hor∩T X ⊂ Hor.
2.1. The two-step flag variety F ℓ 1,n−1;n . The two-step flag variety
is a homogeneous variety of the form SL(n, C)/P . Denote by [x 1 : · · · : x n ] the homogenous coordinates of P( 1 C n ), and by [x1 : · · · : xn] the homogeneous coordinates of P( n−1 C n ); here we are using the notational convention
Then the well-known Plücker embedding of X = F ℓ 1,n−1;n in P(
In particular, it is of complex dimension 2n − 3. In terms of the inhomogeneous coordinates
The maximal torus
as a subgroup of SL(n, C) and of dimension n − 1, naturally acts on C n , and hence induces an action on X which is Hamiltonian with moment map
We define a rational map
by setting y 0 = x 1 x1, y 1 = x 3 x3, y 2 = x 4 x4, . . . , y n−2 = x n xn. The base locus of F is given by the Schubert subvariety B defined by x 1 x1 = x 3 x3 = · · · = x n xn = 0, which is of complex dimension n − 2 in F ℓ 1,n−1;n . Theorem 2.9. This defines a pseudotoric structure on the two-step flag variety F ℓ 1,n−1;n .
Proof. To see that this produces a pesudotoric structure, we embed P n−1 × P n−1
and hence F ℓ 1,n−1;n into P N , where N = n 2 − 1, by the Segre embedding. We also embed P n−2 into the same P N in a natural way so that F is the restriction of a projection mapF : P N → P N onto a linear subspace (image of P n−2 ). Then the result follows from Example 2.7 and Lemma 2.8.
The quadrics.
This example was treated in Tyurin [25, Theorem 2] , where he showed that an arbitrary smooth quadric hypersurface in P n admits a pseudotoric structure.
For n = 2m, consider the quadric
of the standard torus action on P 2m preserves Q. Define the rational map
. . , y m = x 2m−1 x 2m . This restricts to Q to give a T m -invariant rational map
where P m−1 ⊂ P m is defined by
The base locus of F is given by the union of a set of linear subspaces of dimension m in P 2m , so the base locus B is of complex dimension m − 1 in Q. Similarly, when n = 2m + 1, consider the quadric
Then an (m + 1)-dimensional subtorus T m+1 ⊂ T 2m+1 of the standard torus action on P 2m+1 preserves Q. Define the rational map
. This restricts to Q to give a T m+1 -invariant rational map
The base locus of F is given by the union of a set of linear subspaces of dimension m in P 2m+1 , so the base locus B is of complex dimension m − 1 in Q.
Theorem 2.10 (Theorem 2 in [25] ). This defines a pseudotoric structure on the smooth quadric.
Proof. The proof is very similar to the previous example, but this time we embed P 2m into P N , where N = 2m+2 2 − 1, by the Veronese embedding, and also embed P m into the same P N in a natural way. Then we see that F comes from the restriction of a projection mapF : P N → P N onto a linear subspace (image of P m ). So the result again follows from Example 2.7 and Lemma 2.8.
Special Lagrangian torus fibrations
In this section, we explain how pseudotoric structures are related to special Lagrangian fibrations, and hence SYZ mirror symmetry. We begin with the following proposition:
Proposition 3.1. Suppose that there is an anticanonical divisor D ∈ | − K X | and a meromorphic n-form Ω X on X which has no zeros and only simple poles along the divisor D, which satisfy the following conditions:
where E is the toric anticanonical divisor in Y .
where f 1 , . . . , f n−k are torus invariant meromorphic functions on Y . Then the map
defines a special Lagrangian fibration on X \ D, where the special condition is with respect to the holomorphic volume form Ω X on X \ D.
Proof. Conditions (ii) and (iv) above just guarantee that ρ and the map
share the same fibers. So we can restrict our attention to the map ρ ′ First note that T k acts on X by symplectomorphisms and the holomorphic map F : X \ B → Y is T k -invariant, so the parallel transport induced by the symplectic connection ∇ F is T k -equivariant. In particular, a Lagrangian fiber of ρ ′ is invariant under the parallel transport along the corresponding torus fiber of the map ν ′ : Y 0 → R n−k . Thus the horizontal lifts ∇ F V |fj | (j = 1, . . . , n − k) are tangent to a Lagrangian fiber of ρ ′ . But condition (2.1) says that each ∇ F V |fj | is parallel to V F * |fj | . Therefore, the tangent space to a fiber of ρ ′ is spanned by the vector fields V µ1 , . . . , V µ k (which generate the T k -action) and V F * |f1| , . . . , V F * |f n−k | . Now condition (iii) (or the equation (3.1)) implies that
which vanishes since V F * |fj | is tangent to the level sets of F * |f j |.
3.1. The two-step flag variety F ℓ 1,n−1;n . In this subsection, we show that the condition (3.1) is satisfied for the pseudotoric structure on the two-step flag variety F ℓ 1,n−1;n we constructed in Theorem 2.9. Take any anti-canonical divisor D ∈ | − K X | of X, we obtain an open CalabiYau manifold X \ D. In this section, we will specify several choices of D, and then construct special Lagrangian fibrations on X \ D with respect to a meromorphic volume form Ω X on X that has no zeros and only simple poles along D. One of such choices will be given by Schubert divisors; we refer to [8, Lemma 3.5] for the description of the anti-canonical divisor class [−K X ] by Schubert divisor classes for a general homogeneous variety G/P . We notice that the two-step flag variety F ℓ 1,n−1;n and the quadrics are all special cases of such homogeneous varieties.
as a subgroup of SL(n, C), naturally acts on C n , and hence induces an action on X. Take a basis V 1 , · · · , V n−1 of Hamiltonian vector fields generated by the torus action of T .
As we will see later, our choices of Ω X are very nice in the sense that the condition
is satisfied, and from this we can construct a special Lagrangian torus fibration (with singular fibers)
where (µ 1 , · · · , µ n−1 ) : X −→ R n−1 is the moment map of the torus action of T .
Contraction by torus-invariant holomorphic vector fields.
On the open subset x 1 = 0, xn = 0, we have local coordinates (z 2 , z 3 , · · · , z n , z2, · · · , zn −1 ) of X. Let θ k denote the weight of t k . Then for 1 ≤ j ≤ n − 1, the weight of the action of T on the coordinate z j+1 is given by
For 2 ≤ k ≤ n − 1, the weight of the action of T on the coordinate zk is given by
Given V i , we denote by c y the coefficient of ψ i in the weight for a coordinate. Then we have
where ι ∂y denotes the contraction with the holomorphic vector field ∂ ∂y (on the left). We simply denote ι ∂y as ι y . We also adapt the notation convention that z 1 = 1, zn = 1, and denote Ω := dz 2 dz2 · · · dz n−1 dzn −1 dz n , A j := z j zĵ, j = 1, · · · , n. Lemma 3.2.
Proof. We notice that ι Vi−1 = z i ι zi − zîι zî for i = 2, · · · , n − 1, and that
Anti-canonical divisor by Schubert divisors.
There is an anti-canonical divisor of X defined as follows, which consists of Schubert divisors of X up to translations by the Weyl group of SL(n, C).
where we treat the intersection as that for subvarieties in P n−1 × P n−1 . Take the nowhere vanishing holomorphic volume form Ω
on the open subset x 1 = 0, xn = 0. It is meromorhphic on X, and has simple poles along the divisor D Sch .
Proposition 3.3. We have Proof. Denote by RHS by the expression on the right hand side of the expected equality. By direct calculations, we have
The last equality follows from Lemma 3.2.
Let us consider some other choices of meromorphic volume forms on X. Denote
By abuse of notations, we also denote by B j the function on the open subset
For any 3 ≤ j ≤ n, we consider a divisor of X defined by
Notice that when j = n, we have
is the anticanonical divisor which corresponds to Rietsch's mirror [24] .
Proposition 3.4. For any 3 ≤ j ≤ n, we have
where Ω (j)
Proof. Denote by RHS (j) the right hand side of the expected equality. Since D (n) = D Sch , by Proposition 3.3 we have
Namely if j = n, then the statement holds. Now we consider 3 ≤ j < n and recall A j = B j + B j+1 . Therefore
Thus by expanding RHS (j) , we have
By induction on j, we conclude that, for 3 ≤ j ≤ n,
Proposition 3.4 together with Proposition 3.1 give the following theorem. X on X \ D. Observe that the functions µ 1 , . . . , µ k , F * ν 1 , . . . , F * ν n−k are defined on X \ B, so we obtain completely integrable systems on these varieties in the sense of [11, Definition 2.1]. But the fibers over the image of D \ B are collapsed tori.
The quadrics.
In this subsection, we show that the condition (3.1) is satisfied for the pseudotoric structure on the quadric hypersurfaces in P n constructed by Tyurin (as in Theorem 2.10).
3.2.1. Even-dimensional quadric. Here we consider the even-dimensional quadric
On the affine plane x 0 = 0, the quadric is defined by z 1 + z 2 z 3 + · · ·+ z 2m z 2m+1 = 0, where z i = xi x0 are the inhomogeneous coordinates. This quadric is a homogeneous variety G/P for G = SO(2m + 2, C). A maximal torus T m+1 of SO(2m + 2, C) acts on the quadric by
Let θ k denote the weight of t k . Then for 1 ≤ j ≤ m, the weight of the action of T m+1 on the inhomogeneous coordinate z 2j (resp. z 2j+1 ) is given by θ j − θ 0 (resp. −θ j − θ 0 ). Denote
Then the weight on z 2j+1 is given by ψ m + ψ m+1 − ψ j for 1 ≤ j ≤ m.
Let {V 1 , · · · , V m+1 } denote the basis of Hamiltonian vector fields generated by the torus action of T m+1 and corresponding to the weights ψ j . Then we have
Similar to the case of two-step flag varieties, we take an anti-canonical divisor D Sch of X = Q 2m defined by Schubert divisors, namely, given by
and consider the meromorphic volume form
We denote Ω := dz 2 dz 3 · · · dz 2m dz 2m+1 and A j := z 2j z 2j+1 for j = 1, · · · , m, so that we can also write
for j ∈ {1, · · · , m} \ {m − 1}.
Proof. We notice that z 1 + m j=1 A j = 0. Similar to the proof of Proposition 3.3, we calculate the right hand side RHS of the above expression as follows.
The last equality follows from Lemma 3.6.
Following [23] , we consider another anti-canonical divisor:
where B j = j i=0 x 2i x 2i+1 for 1 ≤ j ≤ m − 2; more generally, as in the case of the two step-flag variety F ℓ 1,n−1;n , we may consider a sequence of anticanonical divisors of the form
Then by similar calculations in the proof of Proposition 3.4, we obtain the following.
Proposition 3.8. We have
where
.
Propositions 3.7 and 3.8 together with Proposition 3.1 give the following theorem. X on X \ D.
3.2.2.
Odd-dimensional quadric. Here we consider the odd-dimensional quadric
On the affine plane x 2m = 0, the quadric is defined by z 2 0 +z 1 z 2 +· · ·+z 2m−3 z 2m−2 + z 2m−1 = 0, where z i = xi x2m are the inhomogeneous coordinates. This quadric is a homogeneous variety G/P for G = SO (2m + 1, C) . A maximal torus T m of SO(2m + 1, C) acts on the quadric by
. Let θ k denote the weight of t k . Then for 1 ≤ j ≤ m, the weight of the action of T m+1 on the inhomogeneous coordinate z 2j−1 (resp. z 2j ) is given by θ j + θ m (resp. −θ j + θ m ) for j = 1, · · · , m − 1, and the weight on z 0 is given by θ m .
Let {V 1 , · · · , V m } denote the basis of Hamiltonian vector fields generated by the torus action of T m and corresponding to the weights θ j . Then we have
Similar to the case of even-dimensional quadric, we denote A j = z 2j−1 z 2j (or A j = x 2j−1 x 2j when we refer to homogeneous coordinates) for j = 1, · · · , m by abuse of notation. Let B j = m i=j A j for j = 2, · · · , m. We consider the following two anti-canonical divisors D Sch , D Rie of X = Q 2m−1 given respectively by
Correspondingly we consider the holomorphic volume forms
,
More generally, we may consider a sequence of anticanonical divisors of the form
and
By similar calculations, we obtain the following.
Proposition 3.10. The following equality holds:
and in particular we have
Proposition 3.10 together with Proposition 3.1 give the following theorem.
Their images in the base of the fibration ρ : X \ B → R 2n−3 give the discriminant loci, which is of real codimension 1. Proposition 4.2. For both the quadric hypersurface Q and the two-step flag variety F ℓ 1,n−1;n , a smooth fiber of the special Lagrangian fibration ρ : X \ B → R n bounds a nontrivial holomorphic disk if and only if its image under F intersects with the image of the non-free loci of the T k -action.
The maximum principle then implies that F • ϕ is a constant map, meaning that the image of ϕ lies in a fiber of F . By further composing ϕ with a coordinate function on X, we see that one of the coordinates must be zero since otherwise the maximum principle will again be violated. So a smooth fiber of ρ will bound a nontrivial holomorphic disk if and only if it intersects with the union of zero loci of the coordinates on X, which is exactly the non-free loci of the T k -action.
4.1. The two-step flag variety F ℓ 1,n−1;n . Let us first look at the case of the two-step flag variety X = F ℓ 1,n−1;n , and describe in more details the wall/chamber structures in the bases of the special Lagrangian torus fibrations. First of all, although the fibration is not defined on the whole X, we can still take the closure of the base of the fibration in R 2n−3 to get a convex body. As in the case of P 2 [2] or the Hirzebruch surfaces F 2 and F 3 [3] , this convex body can be obtained by "pushing in" some of the facets in the moment polytope (GelfandCetlin polytope) of the central fiber in the toric degeneration of X.
We first note that there are exactly 4 facets (codimension 1 faces) in the moment polytope whose preimages in the Gelfand-Cetlin fibration are not algebraic subvarieties.
2 All other facets correspond to subvarieties, and they come in pairseach pair is the image of a pair of irreducible Schubert divisors of the form x j xĵ = 0, j = 3, . . . , n.
Note that correspondingly there are 2n terms in Givental's mirror superpotential.
Going from the Gelfand-Cetlin fibration to our fibration with D = D (n) , a conifold singularity is being smoothed out, so the 4 facets will become a union of two sets each consisting of 2 facets, which are the images of the 2 sets:
and one of them, namely the one corresponding to {x 2 x2 = 0}, will be "pushed in" to form a wall in the base of the fibration (see e.g. the picture in [6] ). Note that the non-free loci inside X \ D is easy to describe in this case, namely, simply given by the codimension 2 subvariety
By Proposition 4.2, Lagrangian torus fibers which bound nontrivial holomorphic disks in X \ D are those which intersect nontrivially with the divisors {x 2 = 0}, {x2 = 0}, 2 In contrast, if our fibration can be extended to the closure of the base, then the preimage of the boundary should be precisely the anticanonical divisor D we chose.
whose images under ρ produce a single wall in the base. In terms of the mirror superpotentials, this means 4 of the terms in Givental's mirror now combine to 2 terms in the new mirror (more precisely, this means the mirror superpotential over one of the chambers in the base). So the superpotential mirror to (X, D Sch ) should have 2 + (2n − 4) = 2n − 2 terms.
Then, for each j > 3, going from our fibration with D = D (j) to that with D = D (j−1) , we are pushing in the pair of facets corresponding to x j−1 xĵ −1 = 0, and the facets become a wall inside the interior of the convex body. In terms of the mirror superpotentials, this means that in each step, 2 terms in the previous mirror superpotential combine into one single term in the new mirror superpotential. So at the end of this whole process (i.e. when j = 3), we arrive at the anticanonical divisor D Rie chosen by Rietsch. There are n − 3 walls in the base of the fibration, which are images of the following n − 2 pairs of Schubert divisors: {x 2 x2 = 0}, {x 3 x3 = 0}, . . . , {x n−1 xn −1 = 0}.
The number of facets of the convex body is now given by 2 + (n − 3) + 2 = n + 1, which is exactly the number of terms in Rietsch's LG mirror.
Givental
Schubert (D Sch = D (n) ) Rietsch (D Rie = D (3) ) 2n = 4 + 2(n − 3) + 2 2n − 2 = 2 + 2(n − 3) + 2 n + 1 = 2 + (n − 3) + 2 4.2. The quadrics. For an N -dimensional quadric Q N ⊂ P N +1 , the GelfandCetlin polytope has N + 2 facets (see e.g. [19, Section 3] ), so the number of terms in Givental's mirror superpotential is N +2. The closure of the base of our fibration is again a convex body obtained by "pushing in" some of the facets in the GelfandCetlin polytope of the central fiber in a toric degeneration of Q N .
Like the two-step flag variety F ℓ 1,n−1;n , there are exactly 4 facets (codimension 1 faces) in the Gelfand-Cetlin polytope whose preimages in the Gelfand-Cetlin fibration are not algebraic subvarieties. Going from the Gelfand-Cetlin fibration to our fibration for D Sch , a conifold singularity is being smoothed out and these 4 facets become a union of two sets in which one of them is "pushed in" to form a wall in the base of the fibration.
All other facets correspond to subvarieties, and 2m − 4 of them comprise m − 2 pairs (where m = N/2 when N is even and m = (N + 1)/2 when N is odd). When we go from our fibration with D = D Remark 4.3. By Givental's mirror of a quadric here, we mean the LG superpotential obtained from the toric degeneration described in [19, Section 3] , which is analogous to the construction of Givental's mirror for flag manifolds of type A [9, 4, 18] . While by Rietsch's mirror here, we mean the LG superpotential given in [22, 23] , which is isomorphic to the original construction of Rietsch [24] for a general flag variety G/P .
